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Deformable 2-D Template Matching
Using Orthogonal Curves

Hemant D. TagareMember, IEEE

Abstract— In this paper a new formulation of the two-

dimensional (2-D) deformable template matching problem Smooth extensions of
is proposed. It uses a lower-dimensional search space than normals to the template
conventional methods by precomputing extensions of the \ Euclidean distance

deformable template along orthogonal curves. The reduction
in search space allows the use of dynamic programming to
obtain globally optimal solutions and reduces the sensitivity of
the algorithm to initial placement of the template. Further, the
technique guarantees that the result is a curve which does not
collapse to a point in the absence of strong image gradients
and is always nonself intersecting. Examples of the use of
the technique on real-world images and in simulations at low
signal-to-noise ratios (SNR’s) are also provided.

w.r.t. base point

Index Terms—Active contours, segmentation, template match-
ing.

|. INTRODUCTION Base point
NTERACTIVE template matching is the first step in quan-gfrf“::med
titative analysis of many medical images. Most interactive Template

template matching algorithms require the user to place a
template (a closed curve) approximately in the right positidid- 1. Smooth orthogonal curves.

and orientation. Then the algorithm systematically adapts the o o
template to fit the image gradient. the parameterization. For such energies, it can be shown (see

The template contains prior geometric information abodtPpendix) that if the optimal deformation is small, then it need

the organ which is being segmented. Many studies can B Only normal to the template.
analyzed by maintaining a database of a few useful templated "€ main aim of this paper is to extend the strategy of
[4], [18]. For those images where the shape of an organ ddi&forming the template along normals over larger regions
not conform to the prior information, active contour algorithm¥hile avoiding singular points (points at which the extended
such as “snakes” [8] can be used. pormals intersect). The key idea, which is illustrated in F|g.' 1,
During the template fitting stage of a deformable templaf® to extend the normals as curves rather than as straight lines.
algorithm, the deformed template is parameterized as a cur/&ES€ curves are perpendicular to the template and are called
C it — (z(t),y(t) (¢ is not necessarily the arc |ength),_orthogonal curvesG|_ve_n the orthogonal curves, the template
external and internal energies are associated with it, afigieformed by restricting every point on the template to move
functionsz,(t), y,(t) are sought which minimize a weightedonly along |ts_ orthpgonal_ curve. The resgltmg defor_matlon_ of
sum of the internal and external energies [2], [8], [11], [17}he template is qnlquely identified by.a single function which
[22], [23]. The energies associated with the curVeare of EXPresses the distance that each point of the template moves
along its orthogonal curve.
the form )
If the template is constructed beforehand, then the orthogo-
E(C)= /F(a:,y,a‘:,g), 2™ Mgy, (1) nal curves can be precomputed. Precomputing the orthogonal
) ) ) o curves and using them to deform the template has a number
Quite often only the image of the optimal curve is of interegff advantages. First, every deformation is defined by a single
and its parameterlzatlon is irrelevant. The external and |nterﬂa.hction, so the Optimization procedure uses a smaller search
energies of such curves are formulated to be independentsghce. It is often feasible to find the global minimum. In
contrast, deformations in conventional techniques are defined
Manuscript received August 12, 1994; revised May 23, 1996. This work Wgy a pair of functions and have a much bigger search space.
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orthogonal curve intersects the template at a single point
(called the base point of the orthogonal curve, Fig. 1), the
proximity of the deformed point to the template is defined as
the Euclidean distance between it and the corresponding base
point. The smoothness of the deviation is defined as the change
of the Euclidean distance along the deformed curve. The exact
formulations are given in Section lIl.

Third, by controlling the amount of extension from the
template, explicit control over the region of deformation can
be obtained.

Finally, the curve resulting from the deformation is guaran-
teed to be closed and nonself intersecting.

The use of orthogonal curves has some limitations. Since
orthogonal curves decrease the degrees of freedom used t
deform the template (by using one function rather than two),
in theory, the set of possible deformations of the template is
smaller. Restriction to a smaller set of possible deformations is Gn
not a major limitation in processing medical images since tem-
plates with simple shapes fit a large variety of medical objects.

For example, in [18], deformations of a single circular template
along radial di_rections were succgssfully used to obtain Aqpiaiec | remplate

number of outlines of wrist bones in computed tomography Co-ordinate

(CT) images. The study [4] also used deformations of a single System

circular template to model a number of anatomical objects #y . Rregion of deformation in template and image coordinates.
medical images.

In the computer vision literature, search along normals
has been used in a number of algorithms, for examp'é,Rg is parfameteriz_ed by its arc length(which is zero at
it is used in rigid-template-matching algorithms to estimaf@® base point ofz,, increases a&, proceeds outwards, and
the location and pose of an object [9]. It is also used {ecreases ak, proceeds inwards), theRly can be written in
registration of images obtained from different modalities [6{he template coordinate system as
[14]. The algorithm presented in this paper can be viewed as 2(6) + Azo(r)
an extension of these algorithms to nonrigid templates and to Roir— <y(9) + Ayg(r) )
larger regions of convergence.

An initial version of the current algorithm was reported iwhere the functiong\z,(r) and Ay (r) give the position of
[18]. It relied exclusively on a circular template and a heuristiBs with respect to the base point aighz,(0), Ays(0)) =
was used to guarantee closure of the deformed curve. Both(@£0).
these restrictions are removed in the algorithm presented herdf the template is deformed into a curv@* by moving

template points along the orthogonal curves, thgnis given

by
Il. TEMPLATES, ORTHOGONAL
CURVES, AND THE DEFORMED CURVE O 0 — <$(9) + A$0(7‘(9)))

In this section, we define orthogonal curves and use them y(6) + Aa(r(9))
to find an expression for the deformed curve. An intermedihere »(9) gives the displacements of the template points
ate step, which shows that orthogonal curves exist for aajong the orthogonal curves.
template, is postponed till Section IV. The placement of the template on the image is given by

Suppose that the template is a closed cutvewhich a mapping from the template coordinate system to the image
does not intersect itself. In a coordinate frame attached d¢oordinate system. We assume that the template is placed on
the template, the template is described by its arc lengtie image by a translation and rotation. Hence, the set of
parameterizatior” : ¢ — (z(6),y(#)). Further suppose thatcurves in the image obtained by deforming the template can
the region over which the template can be deformed is boundesl expressed as
by two curvesCy, and C,;, whereC}, is located inside’
and C.,,, is located outside (Fig. 2). C* 60— <$I(9)) = R<$(9) + A“’G(T(e))) 1T (2

Let Ry be the orthogonal curve passing through the base vr(f) y(#) + Ays(r(0))
point (z(#), y(6)) on the template. We assume the followingyhere (z7(0),y7(0)) are the coordinates of™* in the im-

1) EachRy begins on the curvé€,, orthogonally intersects age coordinate framel? is a rotation matrix, and’ is the

C at the base point, and ends at the cufig;. translation vector.
2) EachRy has a continuous tangent. From (2) itis easy to show that aidy* is closed and nonself
3) No two orthogonal curves intersect. intersecting.

Conformal Mapping
of the region between
C and Cm'

Cout Placement Mapping P

N

Image
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The proximity energyl; () measures the displacements of

the vertices from the base points
Discretized Orthogonal P

Curves

N
L(P(vy, -+, VvN)) = ZD(Vk — X1,0) )
k=1

where D() is the Euclidean distance.
The smoothness enerdy(F) measures the dissimilarity of
distances of consecutive vertices from their base points

IQ(P(Vl, . -,VN))

N
g“ = Z |D(Vk7j - ik,O) - D(Vk-l—l - ik+1,0)|' (6)

The external energyX (P) is the net component of the
Vertex image gradient along the outward pointing normals of each
side of the polygon, i.e.

X(P(vi, -+, vN))

V)

Deformed Curve P(v ,v ...,
12 'n

N .1
= 6ZLk/ . VI(avi + (1 — a)vig)da  (7)
Fig. 3. Discrete orthogonal curves. k=1 0
wheren,, is the outwards pointing normal ardg, is the length
of the side joining vertexw; to vi41. The integrand in the
) _ above expression is the inner product between the outwards
Discrete versions of orthogonal and deformed curves 3i§mal and the image gradient. The const@i set to+1 if
used in formulation of template matching. The family Ofye seek a dark to white transition along the outwards normal
orthogonal curves is discretized by sampling the templaleq _1 for a white to dark transitioh.

curve uniformly along the arc length &f base points. From  the net energy associated with the deformed curve is given
each of the base points the orthogonal curves are tra

inwards and outwards and each orthogonal curve is sampled

A. Discrete Orthogonal Curves

uniformly along its arc length &M + 1 points (Fig. 3). E(P(vy, -, VN))
The points thus obtained are denotedshy;, ¢ = 1,-+, 1V, = —p1 X(P(vi, -, VvN) + p2 L (P(vi, -+, V)
and j = —M,-.-, M (Fig. 3). The index: refers to the + p3a(P(vi, -+, v)) @)

orthogonal curve that the point belongs to, and the ingex
refers to the location along the orthogonal curve. All point4here thep’s are nonnegative weights.

x;,. belong to theith orthogonal curve and the base point of Given an image and a template with its orthogonal curves,
the ith orthogonal curve is; o. we seek the deformed curve that minimizes the net energy.
When the template and the orthogonal curves are placed B¥s is the formulation of a deformable template matching

the imagex; ; are transformed into points on the image by Problem using orthogonal curves.

Xij = Rxij+ T @) IV. ORTHOGONAL CURVES AND CONFORMAL MAPS
where R and 7" are the rotation matrix and the translation Before we proceed to seek an algorithm that gives the
vector. optimum deformation, we settle the existence of orthogonal

The deformed curve is discretized as Ansided polygon curves. We do this for the continuous case. The discrete case

(Fig. 3). Thekth vertex of the polygonyy, is constrained to s just a finite sampling of the continuous case.
lie on the kth orthogonal curve We begin by considering a specific recipe for generating

. . orthogonal curves. The key idea is to imagi6g,, C, and

Vi €Ky, J= =M, M (4) Cous @s contours of a two dimensional (2-D) function which is

The entire polygon is denoted B(v1, va, -+, vy). continuous in the region betweéhandC}, and also between

Below, to simplify the equations for the energy we refer e and C(_mt; and to realize that the gradient trajectories of
the first vertex as the vertex, and also asry1. Similarly, the function are o_rth_ogonal to the contours everywhere and
we refer to the first base point &s o and also a1 o. therefore are adm|SS|bI(_a as orthogo_nal curves.

More precisely, consider the region betwe€y, and C.
Suppose we have a functiof(z,y) defined in this region
[Il. INTERNAL AND EXTERNAL ENERGIES

The internal energy associated with the deformed curve i 1The external energy can be easily modified if the nature of the transition
e-to-dark or dark-to-white) is not known by using the magnitud&’ éf

the weighted sum of a proximity energy and a smoothneﬁﬁ*v(vg,,ri\t
g p y aqy vy to vi4 instead of the component &F along the normal. This
energy. change does not alter the algorithm.
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such that TABLE |
¢($7 y) =¢, onCiy ©) PARTIAL ENERGY FUNCTIONS AND THEIR MINIMA
d)(a:, y) =co, ONC Partial Energy Functional I Minimizing Set
with . If ¢() has well-defined gradients, then the gra b1 = 8(vi, va) + 6(va, v§) {vi}
. €l > 62. d)() . . . g Vé(z,y g & = ¢(Vl7v2) + ¢(V2,V3) + ¢(V3»VZ) {VL:’V;}
dient direction at any point is given by(z,y) = (o) (& = a(vi,v2) + 6(v2,vs) + 6(va,va) + 6(va,v2) | {V5,v5,vi)

Starting from a base pointz(#), 4(#)) on the template, the
gradient trajectory — (x(¢), y(¢)) is given by the solution of gitferences. The two curves are joined at the base point and

the coupled differential equations the combined curve is uniformly sampled2¥ + 1 points.
d (x(t
dt @Et;) = n{e(t),y(t) (10) V. OPTIMIZATION
with the boundary condition We return to the problem of minimizing the net energy and
observe that the energy in (8) can be written as
<x<0>> _ <x<9>) an
y(0) y(9)

N
By construction, this trajectory is orthogonal 6 and is (Plvi, -5 vw)) ;d)(vk’vkﬂ) (12)

admissible as an orthogonal curve extending inwards ffam
By repeating this procedure for all points@f the entire set of

1
orthogonal curves extending inwards frathcan be obtained. v . Y= _, §I, / ne. VI(avi + (1 — v do
If there exists more than ong() which can give curves Vi Vi) pro 0 e VIavi +( NVit1)

where ¢() is

that are orthogonal t¢’, we would like to use the smoothest. + p2D(vi — Xy 0)

Measuring the smoothness ¢f) by ff IV o(z,v)||2dxdy, _ + p3| D(vi, = Zp0) = D(Vip1 — Kag1.0)]-

the smoothesp() is given as the solution to the corresponding (13)
Euler-Lagrange equatioiy?¢(z,y) = 0 with the boundary _ . _ o

conditions of (9). Since E has this form, its global minimum can be found by

Therefore, ¢() is a harmonic function within the region using dynamic programming. To illustrate this, consider the
bounded byCy, and C. From harmonic function theory, we ¢@se forV =5, where
know that the gradient trajectories ¢f) may be thought of E(P(vy,---,v5)) = ¢(v1,va) + (v, v3)
as contOl_Jrs of the conjugatg harmonic fungnon. Fyrthermore, + ¢(v3, V) + ¢V, V5) + (Vs vi).
the function¢() and the conjugate harmonic function define (14)
a conformal mapping of the region betwe€nand C;, on to
an annulus (Fig. 2). Suppose we fix; and find thatvs, - - -, v give the minimum
The existence of such a conformal map for any closed for that choice ofv;. From the form of£' and the dynamic
nonintersecting curve§’ and Cj, is guaranteed by the theoryProgramming principle we know that each partial energy on
of conformal mappings [7], [13]. It is also known that théhe left-hand side of Table | is minimized by the set on the
conformal mapping is nonsingular in the region of interegight-hand side of the table. Hence, for a given we may
and the inverse map exists, is conformal, and nonsingularPfoceed to find the minimum as follows.
a standard circular grid is created in the annulus, the image ofl) For everyvs, tabulate thev, that minimizest; .
the grid under the inverse conformal map gives an orthogonal2) For everyvy, tabulate thev; that minimizes&; =
grid in the template space such that the inner and outer circles ¢ (vs, vy)+ va, vs & wherevs, vs E; is the minimum

of the annulus are mapped on@, and C. The image of value of & with respect tov, for a givenvs.
the radial grid lines are the desired orthogonal curves betweer) For everyv;, tabulate thev, that minimizesé; =
Cyn and C. min

This argument applied to the region betwe@gn,, and C 9(vs, Vi)t Vs, Va & ~
9 PP g ‘ 4) Find thev; that minimizesE = ¢(vs, vi)+ vi, Vs Es.

gives orthogonal curves in that region. Since the mappings are _ . .

conformal, the two sets of orthogonal curves are guaranteed to This is the optlmuny;) .fo.r the givenv,, and the vglues

be normal toC' at all points. Therefore, the orthogonal curves of vz, -, v4 that minimize&s, -, &, for the optimal

in the two regions can be joined @tto obtain curves that have valu_e ofv; give the optimal deform_anon.

a continuous tangent vectors and extend fi6 to Coy;. _Repeatlng the al_ao_ve procedure for different values of
This establishes the existence of orthogonal curves fordy€s the global minimum. _ _

general template. The .algorlthm used in the general case is a straightforward
The numerical procedure for obtaining the grid directly fol€Xt€nsion of the above.

lows from the above discussion. First, the harmonic equation isl) Select av; from the se{x,; ;, j = —M,---, M }.

solved betweel€;, andC' and independently betweetiand ~ 2) For the givenvy, tabulate the value of; € {X2;, j =

Cou by a standard finite-difference successive-overrelaxation ——M,- -+, M} that minimizes the partial energy

method. As mentioned beforQ,f points_are placed uniformly 1 = (v, V) + $(V2,V3)

along C' and from each point the inwards and outwards

gradient trajectories are obtained by solving (10) by finite  for everyvs € {X3;, j = =M, --,M}.
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Fig. 4. Some templates and orthogonal curves.

3) For all k,3 < k < N, tabulate thev;, € {%;, TABLE I
j=—M,---, M} that minimizes the partial energy, ALGORITHM PARAMETERS
_ min No. of Orth. Curves (N) 25
Ex = A(Via1, Vi) + Vo1, Vi Er—t No. of Points/ Orth. Curve (2M +1) | 21
for every vy, € {ik—l—l jj==M,, M} Gra(.he.nt nght (p1) 0.9
4) Einall luate th ’ f Il val N Proximity Weight (p2) 5.0
) Finally, evaluate the energg for all values ofvy € Smoothness Weight (ps) 3.0

{iN,jv J = _Mv"'vM} by

min

E=¢(vn,vi)+ vN_1, VN Eno1. termined two properties of the algorithm can be demonstrated
- . . ) dby using real-world and simulated images. First, because the
5) Th? minimum value of |n_the above setis the desire algorithm finds the global minima within the search space, it
optimum value for Fhe giveny, and the_ values _Of is relatively insensitive to the initial position of the template.
Vi, k = 2,.--, N which minimize the partial ENergies consequently, the same template can be propagated through
for this £ give the optimally defprmed curve. many slices in a three-dimensional (3-D) stack to obtain
6) Repeat steps. 1_)_5) for all possible values'ypfto find poundaries of an organ. Second, since the algorithm does not
the global minimum and the corresponding deformeéiet trapped in local minima, it performs well with respect to
curve. noise.

The number of evaluations af() in the above procedure The first property is illustrated in Fig. 5. The figure shows
is O(M?N). Although this may appear to be computationallyhree images from a 3-D wrist CT image (transverse distance
expensive, it is in fact quite feasible as long &5 is not petween consecutive slices 1.5 mm). The three images
excessively high. In all of the experiments reported in thisorrespond to slice one, three, and five in the 3-D image stack.
paperM andN were 10 and 25, respectively, and the minimgig. 6 shows the initial placement of the left-most template of
was found under 10 s. on a SUN SPARC Station 2. The tinggy. 4 on the wrist CT images. Fig. 7 shows the optimally
was independent of the quality of the image and the initigleformed curves produced by the algorithm. The values of all
position of the template. parameters used in the algorithm are given in Table 1.

For high-resolution imagesy/ may be large and the above The stability of the algorithm with respect to the gradient,
dynamic programming procedure may not be feasible. In thatoximity, and smoothness weights is shown in Figs. 8-10.
case, either a faster dynamic programming procedure OITRe stability was investigated in the following way. The
heuristic minimization procedure [3] can be used. Multireshree weights were changed one at a time. Each weight was
olution or adaptive resolution strategies can also decrease ga@reased to 50% of the value shown in Table Il and then

computational burden. increased to 200% of the value with the other two weights
fixed. For each such combination, the optimal curve was found
V1. EXPERIMENTAL RESULTS for slice one with the initial placement of Fig. 6. Fig. 8 shows

First, we check that the orthogonal curve generation prodée result with the gradient weight varied from 50% to 200%.
dure gives usable curves for a variety of shapes. Fig. 4 shokig. 9 shows the result with the proximity weight varied from
some examples of templates, inner, outer, and orthogoB@Po to 200%. Fig. 10 shows the result with the smoothness
curves generated by the technique. weight varied from 50% to 200%. It is clear from figures that

The next set of experiments show the results of deformaltkee algorithm is stable over these range of weights for this set
template matching. As with any variational formulation of desf images.
formable template matching or active contours [8], the appro-Of course, the weights in Table Il are not universally useful.
priate weights for external and internal energy are determin@ther images may require a different set of weights and the
after some experimentation. However, once the weights are debility ranges might be different.
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Fig. 5. Images from a 3-D wrist CT stack.

Fig. 6. Initial placement of the template.

Fig. 7. The deformed template.

The algorithm has been successfully used in other modabrtic arch. The weights in Table 1l were used in this example
ities. Fig. 11 shows an example of the use in magnetico.
resonance imaging (MRI) images. The figure shows the initial The next experiment assessed the performance of the opti-
placement of the middle template of Fig. 4 on a cardiac MRuization algorithm with respect to noise and placement error.
image and the optimal deformed match of the template to tlibe assessment is carried out by simulations. In the first
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@ (b)
Fig. 8. Stability with respect to the gradient weight: (a) weight50% of nominal and (b) weight 200% of nominal.

(@ (b)
Fig. 9. Stability with respect to the proximity weight: (a) weight 50% of nominal and (b) weight 200% of nominal.

simulation, an image of a circle (radius 21 pixels) with was computed as

a gray level value of ten, was placed on a background of gray

level zero. Gaussian noise having zero mean and standarelative error .

deviations of 0.0, 1.0, 2.5, 5.0, and 10.0 was added to the _ root mean square radial error

image. discretization step size in the radial direction

If the signal-to-noise ratio (SNR) is defined as1#@-(gray-

level step size at the edge/noise standard deviation) dB thE?P root mean square radial error is simply the root mean
the SNR’s of the simulations are. 20 12. 6. and O dB. square deviation of the deformed curve measured radially

twards from the true position of the circle in the image

For each value of the standard deviation, a circular templ
was positioned on the image and the optimal deformatiZn'g' 12). . . . -
. . . . The same simulation was repeated with the initial placement
sought using the algorithm of Section V. The circular templatoer

had the same radius as the circle in the image. The orthogogﬁms c():flrgtl/l)arztseo;:g?ée:%s;l}:ti? ttr?et?ae dirijgsh\tlvgl;éhf%&lg ;:-gcle.

curves .Of the _circular template are radial lines. Al pgrameteéﬁows a plot of the error as a function of the SNR for different
of the simulation had the same value as that shown in TableiHitial placements (the data are also reported in Table III).

except that the gradient We'ght was §et t0 10.0 to COMPENSQYR, olative error does not increase appreciably beyond the
for the lower contrast of the circle against the background. The
deforme_d Curve obtained afte.r Optlm'Z?tlon .vvas-compar(_—:‘d tQNote that a shift of 50% of the radius would place the boundary of the
the original circle and the relative error in estimating the circlercle outside of the region of deformation of the template.
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(@ (b)
Fig. 10. Stability with respect to the smoothness weight (a) weigti0% of nominal and (b) weight 200% of nominal.

€Y (b)

Fig. 11. Deformable template match to an MRI image.

discretization step size. The robustness of the optimal cummappings is that of establishing existence— it is often not clear

to initial placement is clearly seen in the figure. if a particular class of nonconformal orthogonal grids can be
constructed for all closed curves. Third, adaptive discretization
VII. CONCLUSION strategies for forming the discrete grid can be explored. The

A new formulation of deformable 2-D template matchingf,urrent algorithm creates base points upiforrnly ?"0”9 the
is proposed. The formulation uses precomputed orthogor‘fé{lcumfe_Brence of the_template. In some_snuatlons it may be
curves to deform the template. The optimal deformation propriate to adaptwely san_1ple the. circumference so that
found by dynamic programming. The optimal curve is guaF— ere are more base points in the high curvature segments
anteed to be closed and nonself intersecting. of the templgtg. o . .

Demonstrations and simulations show that the aIgorithmF'na”y' efficient storage of templates in libraries and their

is robust with respect to noise and initial placement of th(E;U'Ck retrieval can be considered. Initial results seem to

template on the image. indicate that classical t.echniques of indexing such as Kd-trees
There are a number of places in the algorithm whef@n be adapted for this purpose [15].

modifications can be made. First, more sophisticated numerical

techniques of conformal mapping may be considered. These

are discussed in [7] and [21]. Second, it may be possible toHere, we will see that if the energy is independent of curve

create more elaborate criteria for constructing the orthogonrameterization, and if the optimum deformed curve is close

curves leading to nonconformal grids such as those discussedhe template, then the search for the optimum curve need

in [1], [12], [16] and [20]. The use of Riemannian manifoldde conducted only along the normal.

may be an attractive alternative to conformal mapping [16]. OnIn the following discussion, the template is assumed to be

the other hand, a major complication in using nonconformalailable as arc length parameteriz€dt — (x(¢),y(¢)). If

APPENDIX
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Fig. 12. Simulation.
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Fig. 13. Sensitivity to noise.
(tz(t),t,(t)) are the tangent vectors arfa.(t),n,(t)) the

normal vectors to the curve, then any deformed curve can be

expressed as

oo (TN _ () + ()t (t) + Pa(t)na(t)
i <§(t)> B <y(t) + Bu(B)ty (1) +/32(t)”y(t)>

for some functions?;(¢) and 32(¢). SinceC* is closed and

assume tha} () and 3»() have continuous derivatives and
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TABLE 1l
RESULTS OF SIMULATION

X offset (%) | Noise (Signal=10) | R.M.S.Error (100 trials)
0.0 0.0 0.5
0.0 1.0 0.52
0.0 2.5 0.53
0.0 5.0 0.65
0.0 10.0 1.17
10.0 0.0 0.65
10.0 1.0 0.67
10.0 2.5 0.69
10.0 5.0 0.75
10.0 10.0 1.34
35.0 0.0 0.62
35.0 1.0 0.64
35.0 2.5 0.68
35.0 5.0 0.76
35.0 10.0 1.74
and show that
OE(Cay0) _
———==0
8041

ata; = ap = 0.
We begin by finding an expression fM at oy
ar = 0. Since

E =/T(f(t)vz?(t)ﬂ‘?(t)ﬂ’?(t)w-'79?(")(07@(")(0)6#

we have
oE
aal Oé1=0é2=0
S oy 0%z 8%
= [T, r r; p
/ "Bor Yoo | Y Basot T Vdasot
otz oty
| Loy m—— dt.
+ z( )a ant + y( )aalantJ =y =0
But from the expression fo€’; ., we have
oF
—-— =5t
o P Pr(t)ta(t)
an-l—lf dn
=—p
dandt ], .o dnt/l( )t ().
Similarly
Iy
—_— =/,
2 Pu(t)ty(t)
an+1g
dondnt) oy dt_"/l( )ty (B)-

Thus

8041

continuous 3 (t), B2(t) are periodic and continuous. We also OE(Ct )J
Oél—Oéz—O

that max (31 (t) and max 35(¢) exist.

We shall see that whef (t) andj3:(¢) are “small enough,”
B1(t) has no effect on the energy, i.e., we will emb@d in
a family of curvesCy, ., given by

‘o < z(t )+041/31( Vta(t) + azBa(t)n
(t) + arBL(®)ty (1) + azfB2(t)n,

x(t)

Ca (1)

Qy,0a "

+er(>dﬁ (Br(®)t ()))dt

+Zry<>dtz (B2, ()))dt-

:/<x/31_
+/<ym
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This is the required expression. We now proceed to show tl@anheighborhood oty = 0 for which the transformation is a

it is equal to zero.

This is done in the following wayC is embedded into
another family of curveg’,,, indexed by the variable;, and
having the property that', is a continuous reparameterization

continuous reparameterization.
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of C' whena is in a neighborhood of zero. Then, the expression The wrist images were supplied by G. Hillman of UTMB,
9B(Ca) gt = 0is shown to be identical to the right-hand sid&>alveston, TX.

of (14). SinceC,, is just a reparameterization near= 0, and

the energy is independent of parameterizati (C“) must

be zero. Thus, the expression on the right- hand side of (148]
is zero.

The new familyC,, is given by 2
oo <w(t+a/3(t))> _ <fc<t, a>)
o y(t+ap(t) ) \it @) [3]

where 3(t) is a continuous function with a continuous and™
bounded derivative. The function is specified below. We pro-

ceed by assuming that, is a continuous reparameterization 5]
in a neighborhood ofr = 0. The assumption is shown to hold [g]

below.
As before, we note that
[7]
ok+1is (t a) B ﬁ @(t )
It o ak\aa" Y| 18]
d* ) [
= %/J(t)x(t).
(10]
Similarly
FHigta)| [
I tda o dtk
(12]
EvaluatingdF(C,)/0a we get [13]
[14]
8E(Ca)J
Oo
=0 [15]
=/ rLA(t) +er<>dt (B)i(t) |t
[16]
. 17
+/ L'y 5(t) +ny<>dt Ayt |de. O
(18]
Noting that#(t) = ¢-(t) andy = t,(¢), and setting3(¢) =
31(t) we see that
[19]
aE(C:;l az) — aE(Ca) [20]
o Jda
a;=az=0 a=0

Now it remains to show that’, is a continuous repa- [21]
rameterization ofC' near« = 0. From the expression for 22]
C., we see that it is sufficient to demonstrate that—
t+ af(t) is a diffeomorphism near a neighborhoodcof= 0.
The differential of the transformation is + «/3(t) and for
|| £ the differential is invertible. Hence, there is

(23]

max B(t)
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